
Discovering Derivative Rules in the Calculus

We've learned that given a function f(x), we can calculate its derivative function f ′(x) using the formula

f ′(x) = lim
h→0

f(x + h)− f(x)
h

is this limit exists. This gives us a function whose output at a point x = a � that is, the value of f ′(a) �
is the slope of the tangent line to the graph of f at x = a.

It's nice to have a formula for calculating f ′(x), but we all realize it is of limited value, because if f(x)
is complicated, the limit that calculates f ′(x) is really complicated. For example, if f(x) = 1

x + ln(x)−
√

x,
then f ′(x) would involve calculating

lim
h→0

1
x+h + ln(x + h)−

√
x + h− 1

x − ln(x) +
√

x

h

and nobody in his or her right mind wants to do this. What we need are simple rules for calculating

derivatives which do not involve limit-taking. We will begin to uncover these rules today through this
activity, which will yield simple rules for calculating the derivatives of linear functions, power functions, and
the function y = ex.

Doing so does involve the de�nition of the derivative and some algebra, but we will try to see patterns
that emerge from the algebra that allow us not to have to take limits at all in the future. We will use the
website Wolfram|Alpha (http://www.wolframalpha.com) to do some of the heavy lifting in this activity.

Note for Students

To understand calculus at a deep level, it is not enough just to be able to calculate things. Wol-
fram|Alpha will do that! What is important is:

• Understanding why the calculation techniques work they way they do;

• Using a deep understanding of the inner workings of these calculation techniques to alter them
if the situation calls for it;

• Using these calculation techniques to solve open-ended problems in the real world which con-
siderable analysis and setup before any calculations make sense.

Our goal here is not to become pro�cient in calculating things. It is to master the basic tools well
enough that we can apply them, tweak them, bend the rules, and put two or more rules together
to solve complicated and not-necessarily-well-de�ned problems. So, pretend that you are seeing this
material for the �rst time from the inside out.

1 Derivatives of Linear Functions

First, let's get a rule for the derivative of the simplest kind of function, the linear function.

1. Review:

(a) Fill in the blank: Linear functions have a constant .

(b) Write down three examples of linear functions. Write down three examples of non-linear functions.
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2. Consider the linear function f(x) = 3x − 5. Let's take the derivative of this function, using the only
means we have available: the de�nition.

(a) Calculate and completely simplify f(x + h).

(b) Calculate and completely simplify the di�erence quotient,
f(x + h)− f(x)

h
.

(c) The derivative, f ′(x), is the limit as h → 0 of the simpli�ed di�erence quotient. Take that limit
to get an expression that does not involve h.

(d) The result you get should be just a number, which means that the derivative is constant � the
output does not really depend on the input. Fill in the blanks:

It makes sense that the derivative of f(x) = 3x − 5 is f ′(x) = because
f(x) has a constant equal to .

3. Now consider the linear function f(x) = 5− 22x.

(a) Use the de�nition of the derivative to calculate f ′(x). (First calculate and simplify f(x+h); then
calculate and simplify the di�erence quotient; then take a limit.)
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(b) Fill in the blanks:

It makes sense that the derivative of f(x) = 5− 22x is f ′(x) = because
f(x) has a constant equal to .

4. What would you expect the derivative of f(x) = 1.9x − 34 to be? Check this on Wolfram|Alpha by
entering in the following into the blank on that website:

derivative of 1.9x-34

5. In general, all linear functions have the form f(x) = mx + b. What would the derivative f ′(x) be?

The result you just discovered is our �rst derivative calculation rule. To express this rule, we introduce some
new notation. The notation

d

dx
[f(x)]

means �the derivative of f(x)�. In other words, d
dx [f(x)] is just another way of saying f ′(x). Fill in the blank

with the rule you discovered:

Given any linear function y = mx + b, its derivative is
d

dx
[mx + b] = .

Application:
What is the derivative of the function y = x?

What is the derivative of the constant function y = 1?

What would be the derivative of any constant function, y = K?

2 Derivatives of Power Functions

Now let's move on to the next-to-simplest functions there are, namely power functions.

1. Review:

(a) What is a power function?

(b) Below are several functions. Circle the ones that are power functions.

y = x7 y = x1/2 y = 2x y = x3 y = lnx y =
√

x2 + x y = ex y = 1/x

3



2. The simplest power function other than y = x is y = x2. Let's see what its derivative is. Again, the
only tool we have for this task is the de�nition.

(a) Calculate and completely simplify f(x + h).

(b) Calculate and completely simplify the di�erence quotient,
f(x + h)− f(x)

h
.

(c) The derivative, f ′(x), is the limit as h → 0 of the simpli�ed di�erence quotient. Take that limit
to get an expression that does not involve h.

(d) The result you get should not be just a number but rather an expression involving x, which means
that the derivative is not constant � the output does really depend on the input. Fill in the
blanks:

It makes sense that the derivative of f(x) = x2 is not just a single number because this
function has di�erent at di�erent points.

3. Now let's consider the power function y = x3 and take its derivative.

(a) The algebra this time is harder, because we would need to raise (x + h)3 in the numerator of the
di�erence quotient. Use Wolfram|Alpha to do this, typing in

expand (x+h)^3
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(b) Calculate and simplify f(x + h)− f(x). What factor is common to all the remaining terms?

(c) Now calculate the di�erence quotient
f(x + h)− f(x)

h
. What is left over? What one term in the

remainder has no factors of h on it?

(d) Now d
dx [x3] is limh→0

f(x+h)−f(x)
h . Take this limit. What happens, and why?

4. Repeat all of the previous question using f(x) = x4. The most important thing to watch is the one
term that has no factors of h on it after step (c).
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5. Repeat again for f(x) = x10. You can combine steps (a) and (b) by typing

expand (x+h)^10 - x^10

6. Repeat again for f(x) = x25. You can combine steps (a), (b), and (c) by typing

expand ((x+h)^25 - x^25)/h
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7. There ought to be a pattern in the results that is becoming clear. Make a guess as to what pattern:

If f(x) = xn, then f ′(x) =

If the pattern is not clear, try exercise (6) for other power functions like y = x7.

8. Let's think about WHY this pattern is emerging. Fill in the blanks on each item:

(a) If I start with f(x) = xn and want to calculate f ′(x) by using the de�nition of the derivative,
then the numerator of the di�erence quotient is ( )n − n.

(b) When I expand the �rst term out and subtract o� the second one, the term cancels
out, leaving me with a bunch of leftover terms, all of which have at least one factor of .

(c) When I factor o� that common factor and divide, there is one term that has no factors of
on it at all. That term has the form .

(d) So when I take the limit as h→ 0, the result is .

9. And that reasoning �rmly establishes the �rst really big and important derivative calculation rule of
this course, which is called the Power Rule. It says:

d

dx
[xn] =

Application: Take the derivatives of each of the following function, using no limit rules whatsoever but
just the Power Rule:

• f(x) = x102

• f(x) = x−4

• f(x) = 1/x (Is this a power function? If so, what's the power?)

• f(x) =
√

x (Is this a power function? If so, what's the power?)

You can check your work using Wolfram|Alpha. For example, the �rst derivative above would be
calculated by entering

derivative of x^102

3 The Derivative of y = ex

The next target for our rule-creation program is the exponential function y = ex.

1. First of all, �ll in the blanks in each item:

(a) The derivative of y = ex is NOT going to be

y′ = xex−1

because this function is not a function but rather it is an
function.

(b) If I ever write down that d
dx [ex] = xex−1, then I am a . (Fill in

the blank with a derogatory term of your choice.)
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2. Let's calculate the derivative of y = ex using the de�nition of the derivative, with Wolfram|Alpha as a
tool to do the algebra.

(a) What does the numerator of the di�erence quotient look like this time?

(b) When you divide by h, does anything divide o�?

(c) Set up the limit you would need to calculate the derivative �ll in the �ve blanks below:

lim
→

−

(d) Now take this limit using Wolfram|Alpha and note the result. Therefore, we have another rule:

d

dx
[ex] =

4 Applying the Rules

To summarize:

• Linear functions: The derivative of f(x) = mx + b is f ′(x) = .

• The Power Rule: The derivative of the power function f(x) = xn is f ′(x) = .

• The function y = ex: The derivative of y = ex is y′ = .

There are also some other rules, derived in your textbook, that help with derivative-taking. (Note: The
term �di�erentiable� when used to describe a function means that the limit that is involved in the de�nition
of the derivative exists for all points.)

• The Constant Multiple Rule: If c is a constant and f is a di�erentiable function, then
d

dx
[c · f(x)] = cf ′(x).

• The Sum/Di�erence Rules: If f and g are both di�erentiable functions, then
d

dx
[f(x) + g(x)] = f ′(x) + g′(x)

and
d

dx
[f(x)− g(x)] = f ′(x)− g′(x).
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Put all these rules together to calculate the following derivatives. Check your work with Wolfram|Alpha.

1. f(x) = 3x5

2. f(x) = 5x2 − 4x + 1 (Note that we can now take the derivative of any polynomial.)

3. f(x) = ex − 3
√

x + 4

And here's an application problem, taken from your Assessment:

• A water balloon is falling such that its height above the ground is given by s(t) = 50− 16t2, where s
is in feet and t is time in seconds. Find a formula for its velocity at any time, using the rules you've
developed here. Then given the velocity at time t = 1. (Answer for the second part: −32 feet per
second.)
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